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Abstract 

We investigate the Gibbs properties of the fuzzy Potts model on the 
d-dimensional torus with Kac interaction. We use a variational approach 
for profiles inspired by that of Fernandez, den Hollander and Martinez |18] 
for their study of the Gibbs-non-Gibbs transitions of a dynamical Kac- 
Ising model on the torus. As our main result, we show that the mean-field 
thresholds dividing Gibbsian from non-Gibbsian behavior are sharp in the 
fuzzy Kac-Potts model with class size unequal two. On the way to this 
result we prove a large deviation principle for color profiles with diluted 
total mass densities and use monotocity arguments. 

AMS 2000 subject classification: 82B20, 82B26. 

Keywords: Potts model, Kac model, fuzzy Kac-Potts model, Gibbs versus non- 

Gibbs, large deviation principles, diluted large deviation principles. 


*Weierstrass Institute Berlin, Mohrenstr. 39, 10117 Berlin, Germany, 

Benedikt. Jalinel@wias-berlin.de, 

http://www.wias-berlin.de/people/j ahnel/ 

iRuhr-Universitiit Bochum, Fakultat fiir Mathematik, D44801 Bochum, Germany, 
Christof.Kuelske@ruhr-uni-bochum.de, 

http://www.ruhr-uni-bochum.de/ffm/Lehrsttuehle/Kuelske/kuelske.html /~kuelske/ 


1 



1 Introduction 


In previous years we have seen a number of measures describing systems with 
interacting components appearing in mathematical statistical mechanics which 
have lost the Gibbs property as a result of a transformation [la EH El cni E]. 
Such a loss is indicated by the failure of continuity of conditional probabilities at a 
given site, when the conditioning is varied away from this site. Interesting sources 
of non-Gibbsian behavior include time evolutions or deterministic transformations 
which reduce the complexity of the local state space. A prototypical example 
of a system of the second type is the fuzzy Potts model (fuzzy PM) [201 EHl 
EHl Ea El E]. It is obtained from the ordinary PM by partitioning the local 
state space {1, 2,..., g} into subclasses and observing the Potts distribution after 
identihcation of the spin-values inside the subclasses. 

It has been noted in some cases for mean-held models [24l Ea El] when the 
appropriate notion of mean-held Gibbsianness is employed, the question of conti¬ 
nuity can be reduced to variational problems. For systems for which lattice results 
and mean-held results are available it turns out that these results are often in a 
striking parallel [25l |T6] . It is an open challenge to understand this relation better. 

One way to approach the relation between the lattice and mean-held is via 
Kac models (KM) [21 El El EHl El 0] in which there is a parameter which makes 
the interaction long-range but a spatial structure remains. 

The hrst rigorous result relating Gibbs properties of a KM to that of a mean- 
held model was obtained in [18] in the case of independent time evolutions from 
an initial Kac-Ising model. The relation between a spatial model and a mean- 
held model was set up as follows. The authors put the model on a torus in d 
dimensions, with spins sitting on a grid of spacing 1/n, and looked at a single¬ 
site conditional probability in the large n-limit. The limiting object they studied 
then was a specihcation kernel giving the dependence of a single-site probability 
as a function of a magnetization prohle. The existence of the limiting kernel 
and properties of its approach along volume sequences were established using a 
combination of a large deviation principle (LDP) in equilibrium for the Ising model 
[2], a path LDP, and techniques from hydrodynamic limits. It was not possible 
to give sharp parameter values for the Gibbs-non-Gibbs (GnG) transition but 
sufficient conditions on time and initial temperature values to be non-Gibbsian 
could be provided. 

In our present study of the fuzzy Kac-Potts model (fuzzy KPM) we ask related 
questions. Our main result is Theorem 12.71 where we provide precise threshold 
values dividing Gibbsian and non-Gibbsian behavior. To our knowledge this is 
the hrst sharp result for GnG in a KM. 

1.1 Strategy of proof and further results 

The Hamiltonian of the KPM can be written in terms of an empirical color dis¬ 
tribution held and we start by noting a LDP for the empirical color distribution 
held as the grid on the torus shrinks. The minimizers of the rate function for 
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this LDP provide us with the equilibrium phases, and it is easy to see that the 
absolute minimizers must be flat (spatially homogeneous). Therefore the critical 
value for phase transitions in the KPM is given by the corresponding mean-held 
result (the Ellis-Wang Theorem [TT]L 

Next, to investigate the Gibbsian properties of the fuzzy model we analyse 
limiting expressions for the single-site conditional probabilities (the specification 
kernel). The idea to prove equality of critical parameters dividing GnG in mean- 
held with the corresponding critical parameters in the KPM is then to make 
rigorous the statement that there are no worse conditionings than spatially homo¬ 
geneous conditionings for fuzzy classes of size unequal two. As an intermediate 
step we prove a LDP for color profiles for a spatially diluted KPM in Proposi¬ 
tion 12.51 This and the corresponding non-homogeneous variational problems are 
interesting in their own right. We relate the specification kernel to solutions of 
such variational problems where the dilutions are prescribed by the conditioning 
profile. Finally this is supplemented by monotonicity arguments in the dilution 
to show sharpness of the mean-held values for the KM. 

1.2 Acknowledgment 

This work is supported by the Sonderforschungsbereich SFB | TR12-Symmetries 
and Universality in Mesoscopic Systems. Ghristof Kiilske thanks F. Gomets, 
R. Fernandez, F. den Hollander and J. Martinez for stimulating discussions. 


2 Model and main results 

2.1 The Kac-Potts model 

Let := be the d-dimensional unit torus. For n G N, let be the (l/n)- 

discretization of deflned by T'f := A'f/n, with A'f := lA/nlA the discrete torus 
of size n. For n G N, let be the set of Potts-spin configurations 

on A^. We will call elements of {1, ■ ■ ■ ,q} colors. The energy of the conflguration 
a := (cr(a;)) 3 .gArf ^ is given by the Kac-type Hamiltonian 


Hn{cr) : J( ^ (T G (1) 

x,y&A^ 

where 0 < J G G(T'^) is a continuous interaction-functions on which is sym¬ 
metric and J dvJ{v) = 1. The Gibbs measure associated with Hn is given by 

■= aeQn ( 2 ) 

with fi G [0, oo) the inverse temperature and Zn the normalizing partition sum. 

We are interested in the large n-limit for /r„ and prepare the analysis by rewrit¬ 
ing the Hamiltonian in terms of density proflles. More precisely, for A C let 
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tta : I— ^ X {!) ■ ■ ■ 5 q}) C P(T^ X {1,..., q}) be the empirical color measure 

vector or color profiles of a inside the volume A defined by 


tTa := 


1^1 l(7(a:)=l^x/n, • • • , l(T(x)=gh 


eA 


a{x)=qOxln 


ceA 


where 5^ is the point measure at n G T'^. In the sequel we use notation Vn '■= 
X g}) and V := P(T‘^ x {1,..., g}). For any z/ e P we will write 

n[a] to indicate the evaluation of n at a color a G {1,..., g}, in other words, z/[a] 
is the spatial profile of sites with color a. In particular, for x G A, 7r^[a](x/n) = 

Let u G then for the color profile perforated of n G T*^ we write 7ri“^ := 
'^Ai\inu\ where [nuj denotes the lower-integer part of nu. Further we abbreviate 
Adn := T^n{^n) C Vn aud Ad“ := 7ri“^(r2„) C V for the sets of possible profiles of 
mesh-size n and possible prohles of mesh-size n perforated at site u. 

We equip V and the indicated subspaces with the weak topology, i.e. the topol¬ 
ogy corresponding to convergence of continuous functions 
/ G C(T'^x {1,..., g}, M) =:C. This convergence can be metrized in the usual way 
(see for example [21 page 235]) by choosing a dense set of functions (/j)jeN C C 
and setting 


i=i 


1 + \Kfj)-Hfj)\' 


( 3 ) 


Moreover since x {1,..., g} is compact and Polish also (P, d) is compact and 
Polish. Notice that a E Qn determines nf G P„ and vice versa. 

Using color profiles, we can rewrite the Hamiltonian as 

Hn(a) = -n‘Y^FK[a]) ( 4 ) 

a=l 


with P(z/[a]) := (J * z/[a], z/[a]) = f f i'[a\{du)i'[a\{dv) J{u — v). We will be inter¬ 
ested in weak limits of color profiles in P, especially those having g-dimensional 
Lebesgue densities of the form u = aX = (a[l]A,..., a[g]A)^ with a E B where 

B-={a = (a[l],..., a[q]f : 0 < a[a] E A) 

^ (5) 

with ^a[a](x) = 1 for A-a.a. x E T*^}. 

a=\ 


In what follows we will often write a instead of a A. Let eq denote the equidistri- 
bution on {1,..., g}. Next we provide the LDP for the KPM. 

Proposition 2.1 The measures jin = satisfy a LDP with rate 'nfi and 

ratefunction I — inUgp J(z/) where 


/(n) 


—/3 Yll=i{d * «[a], a[a]) + (S'(Q;|eq), A) if v = oA with a E B 
oo otherwise. 


( 6 ) 


and the relative entropy is given by S'(a|eq) = X]a=i log(?Q^[a]). 
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Note that we can rewrite the interaction part of the rate fnnction as a pnnishing 
term for spatial inhomogeneities and a local term, i.e. 


I{u) 


<? 

E 

a=l 


du j dv\a[a\{u) — a[a\{v)^J{u — v) 



g 

[—/d a[a]{u)'^ + S'(Q;(n) |eq)]. 

a=l 


(7) 


From this we see that global minimizers of I mnst be flat profiles where a[a]{u) 
is independent of n G T"*. Indeed, for every u 

g 

—/3 ^ a[a](M)^ + S'(a(M)|eq) (8) 

a=l 


is the rate fnnction of the mean-held PM given by the Hamiltonian 
77)1 (cr) • ^ ^ ^ 1 (t(x)=(7(3/) ) ^ ^ 72)1 

x,y€A^ 

and the complete analysis of minimizers is presented in the Ellis-Wang Theorem 
m- In particnlar for q > 3 the model shows a hrst order phase transition with 
critical temperatnre (dc{q) = 2(q'—l)/(q' —2) log(g —1). The form of its minimizers 
depends on /3 and q bnt not on u and hence in view of the hrst snmmand of ll71), 
which pnnishes spatial inhomogeneities, a global minimizer mnst be a minimizer 
of ([8]) eqnal for every u eT^. 


Before we state the main resnlt abont GnG of the fnzzy KPM in the next 
snbsection, let ns make the following dehnitions. These are the natnral extensions 
to the Potts sitnation from the Ising sitnation in [18] . 

Definition 2.2 Given any sequence {fin)n£N with fin a probability measure on Qn 
for every n G N, define the single-spin conditional probabilities at site u eT*^ as 

= = e (9) 

(a) We call a color profile a E B good for a sequence of probability measures 
(/^n)neN if there exists a neighborhood Na G B of a such that for all a E Ma and 
for all u eT^ 

7“(.|a):=lim7:(.|al“)) (10) 

nyoo 

exists for all sequences with E Mdf for every n G N such that 

lim„-|-oo = a in the weak sense. Moreover the limit must be independent of the 
choice of 

(b) A color profile a E B is called bad for {fin)n£N if it is not good for (/in)neN- 

(c) {fin)n£N is Called Gibbs if it has no bad profiles in B. 
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Remarks: 1) Definition 12.21 (a) implies continnity of a i—)■ 7 “(-|a) in the metric 
d{-, •) defined in ([3]) for all n G at good profiles. 

2) For the KPM {fin)neN all color profiles a E B are good since 


exp(2/3(J * a[k]){u)) 

ELiexp(2/3(J *«[/])(«)) 


( 11 ) 


and hence (/in)nGN is Gibbs in the sense of Definition 12.21 (c). 

3) Definition 12.21 assigns the notion of Gibbsianness to a seqnence of probability 
measnres that live on different spaces. This is different from the notion of Gibb¬ 
sianness nsed for example in lattice systems [H da dsi [m, bnt in that respect 
similar to the definition of Gibbsianness nsed in the mean-field setting [20l |22] . 
Since there is spatial dependence in onr case it makes sense to call the qnantity 
in (ITT]) a specification kernel and a a bonndary condition. 

4) Definition 12. 2l does not consider seqnences whose weak limit is singular 

with respect to A. But in Proposition 12. II we saw that in the thermodynamic limit 
we can ignore profiles that are singular w.r.t. the Lebesgue measure or do not he 
in the set B. 


2.2 The fuzzy Kac Potts model 

Consider the KPM under the local discretisation map T : {1,..., g} i—)■ {1,..., s} 
where 1 < s < g. More precisely, let Ri,...,Rs be a partition of g} 

with Ti = \Ri\ and X)i=i D = Q, then T(a) = i if a E Ri. Apply T to all sites 
simultaneously and consider the fuzzy Kac Potts measure := o T~^. 

Definition 2.3 We call the generalized fuzzy KPM Gibbs if all profiles a E B are 
good for the sequence pff. 

In order to determine Gibbsianness of the fuzzy KPM, similar to (E]), we write 
for the single-site kernels 

7n,/3,5,(ri,...,r.)(^k) — (12) 

where fd is the inverse temperature of the KPM and v G A4“ with s colors. 


Proposition 2.4 For each finite n and u eT^ we have the representation 


7n,/3,ij,(ri,...,rs)(^l^) 


rfcA“(/?fc(z/),rfc, Afc(z/)) 

Ez=iDA“(A(i^),r/,Az(i/)) 


(13) 


where A/(i/) = {x G : i>[l]{x/n) = 1/n'^}, /3i{u) = (d\Ai{i/)\/n‘^ and 

A“(/5,r,A) := /iA,^,r (^exp(2/3( J * 7rA[l])(l^)) j . Here /iA,^,r denotes the KPM 
in the subvolume A C with Hamiltonian 

3;,j;eA 


inverse temperature jd and r local states. 
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In view of Proposition 12.41 in order to determine GnG of the fuzzy model we 
must analyse limiting behavior of the constrained KPM /iA,/ 3 ,r and its continuity 
properties. The constrained model again satishes a LDP similar to the one in 
Proposition 12.11 but now also the spatial structure of the level sets of the condi¬ 
tioning comes into play. We will say that a sequence of diluted sets A„ C 
converges weakly to the Lebesgue density p if for all / G C'(T‘^) we have 

^ I 

xeAn x£An 

as n 'I' oo and write ^ p. 

Proposition 2.5 (Diluted version of LDP for empirical color profiles). Consider 
a sequence of diluted sets A„ C with An ^ p for some Lebesgue density p 
with Np := pA(T^) > 0. Denote p{u) := N~^p{u), then the measures : = 
AA„,/3,q ° satisfy a LDP with rate |A„| and ratefunction Ip — inf^gp Jp(z/) 

where 




*pa[afpa[a]) + (A(a|eq),pA) 
oo 


if ^[a] = pa[a]A,a G B 
otherwise. 


(14) 


Note that we can replace the rate |A„| by the desired rate since it is arbitrarily 
close to |A„|A“^ for large n. Similar to ([7]) we can rewrite Ip as a sum of two 
terms, i.e. 


Ip{v) = f / dup{u) / dvp{v) [a[a](M) — a[a]{v)Y J{u — v) 


a=l 


(15) 


dup(u) -bf,pj(u) ^ Q:[a]“(tl) + S(Q:|-](tl)|eq) 


a=l 


where we dehned the site-dependent local temperature as 


bpp,j{u) ■= (^ j dvp{v)J{u-v). 

In this way we have achieved a representation of the large deviation cost of pro- 
hles of the diluted KPM as an integral over local mean-field PM at sites u, with 
M-dependent inverse temperatures, and a quadratic punishing for spatial inho¬ 
mogeneity. This representation, used for the effective temperatures from 

Proposition 12.4[ will allow us to see that there are no worse conditioning profiles 
in the fuzzy KPM with class size of at least three than the flat profiles. 

Let us for the convenience of the reader recall the theorem from |20] about 
GnG for the mean-held fuzzy PM which summarizes the precise information on 
critical parameter values on GnG. Denote by /9c(’") the inverse critical temperature 
of the r-state mean-held PM. 
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Theorem 2.6 Consider the q-state mean-field PM at inverse temperature fi, and 
let s and ri,..., be positive integers with 1 < s < q and = Q- Consider 

the limiting conditional probabilities of the corresponding mean-field fuzzy PM with 
spin partition (ri,..., r*). 

(i) Suppose that rq < 2 for all i = Then the limiting conditional 

probabilities are continuous functions of the empirical mean of the conditioning, 
for all (3 >0. 

Assume that > 3 for some i and put r* := min{r > 3,r = ri for some i = 
1 ,..., s}, then the following holds. 

(a) The limiting conditional probabilities are continuous for all (3 < /3c(r*). 

(Hi) The limiting conditional probabilities are discontinuous for all (3 > ficic*)- 

We now come to the main result, stating that for the fuzzy KPM the critical 
parameters for GnG are the same as for the mean-held fuzzy PM if the parameters 
are such that low temperature Ising classes are avoided. 


Theorem 2.7 Consider the q-state KPM at inverse temperature (3 and let s and 
ri,... ,rs be positive integers with 1 < s < q and — *?■ Consider the lim¬ 

iting conditional probabilities of the corresponding fuzzy KPM with spin partition 
(ri,..., Vs) where r* := min{r > 3, r = r* for some i = 1,..., s}. 

(i) Suppose that either (3 < ficifi) or that r* 7 ^ 2 for all i = and 

(3 < then the fuzzy KPM is Cibbs. The specification kernel is given by 


lim 7 

ntoo 


u 



Vk exp(2/jr^^/ dvpk{v)J{u - v)) 
X;f=inexp(2/3r;"^ / dvpi{v)J{u - v)) 


(16) 


when converges to a = (piA ,..., Ps^)^ as defined in Definition \2.2\ (a). 

(a) If Vi > 3 for some i = 1,... ,s and (3 > ficicCj, then the fuzzy KPM is 
non-Cibbs. 


Remarks: 1) In case {i) the limiting kernels 0161) are continuous functions of 

the conditioning a, as it is explicit from the given expression. 

2) In the mean-held setting, by the fact that for the Ising model phase transitions 
are of second order, the Ising classes r* = 2 can never be a source of discon¬ 
tinuities. This is rehected in part (i) of Theorem 12.61 In the fuzzy KPM the 
situation is potentially richer since the Ising classes oher the possibility of a new 
phenomenon related to minimizing prohles which are not spatially homogeneous. 
This phenomenon, if it occurs, would not be reducible to the mean-held setup. 
More precisely, for an Ising class, we can re-express the rate function (IT^ of the di¬ 
luted LDP in terms of a [—1,1]-valued and site-dependent magnetization function 
m{u) as 


hirn) = f / dup{u) 


dvp{v) \m{u) — m(n)] J{u — v) + 


dup{u)^u{.fn(,u)) 







where denotes the site-dependent Curie-Weiss Ising rate function obtained 
by substituting the appropriate site-dependent inverse temperature. For certain 
choices of p some sites u can then be made to be in the low-temperature regime 
and others in the high-temperature regime. So, for a minimizing magnetization 
function m\p] there is the competition between the flatness-imposing term in the 
double integral and the single-site Curie-Weiss terms which are minimized by 
M-dependent magnetizations. This leads us to a non-trivial variational problem 
and there is a chance for multiple local and global minima in magnetization pro- 
hle space. In particular there is a possibility for discontinuous behavior of the 
minimizers under variation of p leading to non-Gibbsianness. This phenomenon 
would be a hrst-order type transition in prohle-space, caused genuinely by non¬ 
homogeneity. To decide whether or when it occurs clearly deserves more investi¬ 
gation in the future, entering the scope of non-homogenous non-convex variational 
problems. 

3) Answering a question of a referee, we would like to add the following conceptual 
explanation and provide a small extension. For lattice models and models on 
graphs where a proper DLR formalism is available, the concept of an essential 
discontinuity of the conditional probabilities of the transformed infinite-volume 
measure is important, see m Definition 5.13] and [13]. In contrast, for mean-field 
models or KM, the concept of an essential discontinuity of a limiting specification 
kernel itself w.r.t. the limiting measure p itself is not meaningful. We must 
always adopt a sequential view to the approach to the limit to see non-trivial 
phenomena, as described in Definition 12.21 This is well-established in mean-field 
models and was successfully adopted for the analysis of a KM in [T8] . 

Recall that a /i-essential discontinuity of a function is a discontinuity which 
can not be removed by replacing the function by another representative which 
coincides with it /i-a.s. 

It is not meaningful because the limiting measure (which in our model a priori 
is a measure living on the space of Kac-profiles which have densities relative to 
the Lebesgue measure) tends to be a finite combination of Dirac-measures, for any 
inverse temperature. This follows in our example from the fact that minimizers of 
the Kac-rate function must be flat and from the Ellis-Wang Theorem for the mean- 
held empirical color-distribution vectors m- More precisely, in our example p is 
supported on a hnite set of prohles where j runs from 1 to at most q + 1. But 
for a hnitely supported measure the a.s. continuity requirement becomes empty. 
Indeed, for any specihed values of the limiting kernels 7 (-|q!j), we could always 
easily hnd a continuous interpolating function a i—)■ 7 ^(-|q!) from the space of 
prohles to probability vectors, which takes the prescribed values. To give such an 
explicit interpolation, take e.g. the convex combination 


3 k:k^j 


d{a, aj) 
d{a, ak) 


-1 

7(>i) 


away from the afs, and 7 ^(-|aj) := 7 (-|aj). 

It is however very meaningful here to see whether the hnite support of the 
limiting measure contains a bad conhguration in the sense of our Dehnition 12.21 
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When this is not the case, one would naturally say the model is almost surely 
Gibbs in the Kac-sense. 

It is not difficult in our case to conclude that this is indeed true throughout 
all temperatures, and the fuzzy KPM is almost surely Gibbs in this Kac-sense. 
This is a direct corollary of the present results combined with previous work: 
First one realizes the flatness of profiles in the limiting measure of the KM, from 
which the corresponding profiles of the fuzzy KPM are obtained. But now we are 
reduced to the mean-field model, for which the corresponding result of atypicality 
of bad configurations was obtained earlier, see [20], by computations involving the 
explicit functions appearing as bad conhgurations, and the typical values of the 
mean-held empirical magnetizations, following from the Ellis-Wang Theorem. 


3 Proofs 


Let us start with the proofs of the large deviation results. Note that, considering 
A„ = A^, Proposition 12.11 is a special case of Proposition 12.51 

3.1 Proof of Proposition 12.5 

For convenience we write /ia^ for Let us proceed in two steps. 

Step 1 : First we derive the LDP for J = 0. In this case our Gibbs measure 
Aa„ is just a spatial product measure on A„ C of the equidistribution on 
{1,..., g}. We consider the exponential moment generating function of the color 
prohle at hnite discretization n for some F ^ C, 



a=l xgA; 
<? 




Due to spatial independence, we recover the important single-site logarithmic 
moment generating function 



The limit of discretization going to zero for the logarithmic moment generating 
function of the color prohle is given by 



E r(f’(b) ^ / duiHu)r{F(u)) 

V,/- A ^ 
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Notice that the diluted rate function 



oo, 


(^(aleq),pA), if z/ = ap\ with a ^ B 


otherwise 


is equivalent to 



sup^g(^[z/(F) — J dup{u)T{F{u))], ii u = apX with a E B 


oo, 


otherwise. 


Indeed, by duality (see also [H Lemma 6.2.13]) it suffices to show that for all 


Fee 



(17) 


From this we see that it suffices to take u e V with Lebesgue density ap since the 
r.h.s. of flTTl) is equal to minus inhnity otherwise. In that case we can write 



and the supremum can be considered sitewise. Using Jensen’s inequality it is 
easy to see that the supremum is attained in a[a\{u) = exp Fa{u)/ Yl!h=i ^b{u) 
and equation (1T7|) is indeed satished. That the supremum is achieved follows by 
convexity (detailed arguments see for example [H Lemma 2.6.13]). We further 
note that for continuous F this optimizing prohle is even continuous w.r.t. the 
spatial variable as well. 

Upper Bound: Since V is compact, all closed sets in V are compact and 

it suffices to consider K G V compact. We can assume without loss that 0 < 
infygii:/p(z/) and hence we can pick 0 < a < infj,gx-^p(^)- For every v e K there 
exists a. Fy e C such that v^Fy) — f dup(u)r(Fy(u)) > a and the sets 



form an open covering of K. Using the Markov inequality we can estimate 


^Og flA„{Uy) 


■n 



and hence j^^\og pA^Uy) < —a for all u e K. Since K is compact 

it can be covered by a hnite number of Uy and thus limsup^^oo -j^ log p,\^{K) < 
-inf^e/g Jp(z/). 
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Lower Bound: Let G G V he open and Gp\ denote the set of probability 
measures in G of the form apX. If Gp\ = 0, there is nothing to show. Otherwise 
let z/ G Gpx, then there exists Si > 0 such that C G and thus using the 

dehnition ([3]) we have 




= hA„ 


> hA„ 


^-j |(7rA„ - 

^ l+|(vrA„-^^)(/,)| 

-i Ktta. - i^)(/i)| 


E2- 

i=i 


1+ l(7rA„ - i^)(/j)l 


u) < ei) 

< El 



where K{ei) is large enough such that 2 ^ < £i/2. Further we can 

estimate 


hA„ 


K{6i) 

i=i 


liT^An - 

1 + Kt^a, -'^)(/i)l 


< 




>/^A.( n 

j 

Kiel) 


' Ktta^ -^){fj)\ £l 

*-1+l(7rA„-^^)(/i)l 2 


hA„( n {KtTa^ -Z^)(/i)| <£2}) 


i=i 


where we set £2 := ^i/(2 — £ 1 ). 

In the next step we approximate u by probability measures which are flat on 
a partition of T'^, more precisely, we hnd close to u such that G M 

where 


M := 


{ueV : 


du 

dX 


N' 

(m) = '^^akp{u)lc^.{u) for some hnite partition Gk of 

k=l 


and some flat colour prohle hk on Gk}- 


Indeed, given any hnite partition {Ck)k(^{i,...,N'} of where pX{Gk) > h ioi k < N 
and pXiCk) = h ioi N < k < N\ the measure with dv^^^ {p) /dX{u) = 

Y.k'=i<^k,vp{u)lct,{u) where 


^k,u [®] 


pA(C'fc) ^ Jp.^dup{u)a[a]{u), 

0 , 


if pA(C'fc) > 0 
otherwise 


is in M. Using this, we can approximate for every j G {1,..., iF(£i)} 

IK„ - ^m\ < IK. - K*(z2))(/,)| + |(K*(z2 ) - u){f,)\ (18) 


12 






where for the second summand 


q N 


- / dup{u)a[a]{u)fj{a,u)] 

a=l k=l 


q N 


EE/ dup{u)a[a]{u)[fj{a,u) - pX{Ck) ^ j dvp{v)fj{a,v)\ 

a=l k=l dCk 


'Ck 


< sup sup |/j(a,M) - pA(Cfc) W dvp{v)fj{a,v)\ 


aG{l,...,ij} ttgCfe 


'Ck 


The fj are uniformly continuous and hence it is possible to partition the torus in 
such a way that for all a G { 1 ,, q} and j G { 1 ,..., (e)} we have 


£2 


sup sup |/j(a,M)-pA(Cfc) / dvp{v)fj{a,v)\ <— 


aG{l,...,(j} uGCk 


ICk 


(19) 


unless pX{Ck) = 0. Fixing this partitioning, for the first summand in flT 8 |) we have 




N' q 


'Ck 


ak,u[a] dup{u)fj{a,u) 

k=l a=l x^KnfMiCk 

N' q 

< 

itlnCk 

N' q ^ 


PKCk) ^ [ dvp{v)fj{a,v)l^(^^)=a-akA^A [ dup{u)fj{a, 

k=l a=l xGA„nnC, ^ Ck J Ck 


U 


EiEhj E {/j(a,-)-pA(C'fc) ^ I dvp{v)fj{a,v)}l„(^^y_ 

k=l a=l x^ArtHnCk 


'Ck 


N' q 


sf + ll/JElElo E fcr(2:)=a Clfc,;/[®]pA(C*fc)] I 

k=l a=l x^AnHuCk 


r\nCk 

and thus, we can further estimate 

Kiel) 

PAr, (n “ Aifj)\ < ^2}) 


i=i 


> PAr, 


N' 


N' q ^ 

lcr(3;)=a [®]pA(C*fc)] I < 

^ lc=l ^ a=l I "I 


Xf^AnHuCk 


I I pAn f 'I I ^ II ^ ^ lcr(x)=a Q^fc,j/[®]pA(C*fc)] I <£3j’^ 


k=l 


a:€A„nnCfc 


where £3 := £ 2 ( 3 iV'maXje{i,...,A'(£i)} ||/ill) ^ and we used that p is a product mea¬ 
sure in the last line. Note that for k G {N -|- 1,..., N'} the events inside the 
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/iA^-measure occur deterministically for n sufficiently large by the assumption of 
convergence of the density of the set A„ to zero on those Ck and hence, for large 
enough n, the product restricts to the terms for k < N. For those k introducing 
the empirical measures := |A„ n nCk\~^ SxeA„nnCfc ^crix)=a, then we can 

further estimate 

q ^ 

AA„ { I [ I y I ^ ^ ^a{x)=a ~ Oik,u[o]P^{Ck)]\ <£3j'^ 

a=l xeA„nnCk 

= /‘A-d E l ''^"|A’f‘'' ^A„.t(a) - a/=|o]pA(C*)| < ej}) 

a=l ' 

- ■= e (1. ■ ■ ■.">})■ 

We set £4 := mmke{i,...,Kiei)} £3/{qpKCk)) and note that |A„nnCfc|/(|A„|pA(Cfc)) -)■ 

1 as n t cxD. Thus we can assume n large enough such that max^gji ||A„ fl 

nCk\/{\An\p\{Ck)) — 1 | < e < £4/2. Let || ■ \\tv denote the total variational 
distance of probability measures on { 1 ,..., g}. Then we have 

> - (^k[a] \ <£4, for all a e g}|) 

> AA„(||Td„,fc(a) - afc[a]| <£4/2, for all a G g}|) 

> Aa„ - ttfellrv < £4/4|y 

Now we are in the position to apply the lower bound estimate in Sanov’s Theorem 
and write 

1 Af 1 ^ 

uW^^SAaJG) > VpA(C'fc)hminf———— log/iA4|ll^A„,fc-«fcllrv < ^ 

nfoo |A„| ^ ntoo |A„|pA(Cfc) V I 4 

> — inf / dup{u)S{u{u)\eq) 

u&Me^{y) J 


where 

AC.(l') A 


dP 


N' 


{P G V : akp{u)lc^,{u) for the same partition as 

UA 


k=l 


and max \\dik — ctkWrv < —}■ 
ke{i,...,N'} 4 


To hnish the proof, we show that 


/ dup{u)S{P{u)\eq) < inf 


(iup(u)S'(z/(M)|eq). 


inf inf 

^&Gp\ (v) 
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Indeed, since u i—)■ S'(i/(M)|eq) is a convex fnnction, nsing Jensen’s ineqnality, we 
have for any u ^ Gpx 


N 

dup{u)S[i'{u)\eq) > ^pA(C'fc)S'^pA(C'fc)“^ / dup{u)iy{u)\eq 

k=^ 


k=l 

N 


^pX{Ck)S{ak,u\eq) = / dup{u)S{i'^''\iy){u)\eq) 


k=l 

and thns, since e the desired ineqnality holds. 

Step 2 : Let us now consider the case with interaction, i.e. J ^ 0. We want 
to employ Varadhan’s Lemma ([HI Theorem 4.3.1]) to prove the LDP as in [23l 
Theorem 23.19]. The conditions in Varadhan’s Lemma are indeed satished since 
J is bounded. □ 


3.2 Proof of Proposition 12.4 


To compute the l.h.s. of (fT3|) write for a fuzzy conhguration p G {1,..., 
where n G 


pl{(T{\nu\) = A;|cTAd\Ln«j = h) = 


ZM 


hn (0 


i-.T{i)={k,r,) 


Z2{V) 




C:r(C) = (fc,,7) 


a=l 


( 20 ) 


where Zi{p) and Z 2 {p) are the appropriate normalization constants. For nota- 
tional convenience we introduce the notation 

•= l(T(x)=l(5a;/n, • • • , ^a{x)=qdx/n] 

x£A x£A 

for the color prohle on A C normalized by A((. In the next step we separate 
the components in 7r„ corresponding to the site \nu\. We have 




a=l 


a=l 


Y^ * ^lAd\[n«J [®],[®]) + * ^n.AdXLnuJ N) (n ^ 

a=l 

+ n-^‘^J{0) 

Y^ (('^ * ^lA^VLnuJ H, ^lAd\Ln«J H) + IF*'^lArf\[n«J W) ("^T^) 

a:T{a)=k 

+ J2 ^1aAL-J [“]’ ''IaAL-J 

l^k a:T{a)=l 
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where in the last line we used that 7"('C(L’^'^J)) ~ ^ assumed in (1201) . The hrst, 
third and fourth summand in the last line do not depend on the site \nu \, in other 
words, they only depend on the boundary condition r]. Hence in the conditional 
Gibbs measure fl 20 l) corresponding to the above expression the third and fourth 
summand can be shifted into the normalization constant in the denominator and 
the remaining two summands can be normalized using the first summand. Let us 
introduce the levelsets of the boundary condition Ai{r]) := {x E : 77 (x) = /} 
then we can write 


E E exp (j3n'^ E ( ( (r,) [®] > (tj) [®]) 

$([n«J):r(g([nnJ))=fc a:T{a)=k 

[^exp(/3n'=' ^ 

Caj,( 7 )) a:T(a)=k 


X 


-1 


^([nMj):T(^([nuJ))=fc Caj,(,,) 


a:T{a)=k 


X 


exp 

CAfe(„) 


a:T{a)=k 


-1 


E 


A. , . JAfc(77)| 
Auirij.p -^— ,rt. 

^(Ln«J):T«(Ln«J))=fc ^ 


exp 






exp 




as required. 


□ 


3.3 Proof of Theorem 12.71 

Part (i): First note that a given weakly convergent sequence of boundary con¬ 
ditions (r'n)neN in the single-site specification kernel flT^ is represented in the 
sequence of level sets {Ak{i'n))nm and in the temperature parameters {(3k{k'n))nm 
corresponding to the fuzzy classes /c G {1,..., s}. For each such fuzzy class k we 
have a limiting dilution pk and limiting inverse temperature where either 

f3 < /dc(2) or /3 < AirP) if r* 7 ^ 2 for all i G {1,... ,s}. In the degenerate case 
where p*, = 0 , also = 0 and 




converges to 1 as n tends to inhnity as the exponent tends to zero uniformly. If 
Np^, > 0 we can use the LDP given in Proposition 12.51 We claim that for any such 
Pk the rate function ffTTj) is minimized by the flat equidistribution, more precisely 
the minimizer is given by a[-]{u) = l/r^ away from {m G T'^ : Pk{u) = 0}. In order 
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to see this, consider the representation of the rate fnnction given in Note 

that, in the second snmmand, for every m G 

bisNp^^,Pf„j{u) = f3Np^ j dvpk{v)J{u - v) = (3 j dvpk{v)J{u - v) < jd 

which implies, using the Ellis-Wang Theorem mi for the mean-held PM and 
monotonicity of the critical temperatures w.r.t. the class size, that the equidistri- 
bution «[•](«) = 1/rfc is the unique minimizer for every u. Consequently, since the 
hat equidistribution also minimizes the hrst summand in flT5|) . {l/rk)pk^ must be 
the global minimizer of Ip^. This implies, that A^(^(3k{i^n),^k,-^k{^n)) converges 
to exp( 2 /dr^^ J dvpk{v)J{u — n)) as n tends to inhnity. Moreover, for any limit 
prohle, the limiting specihcation kernel of flT^ is given by ffTbjl and the limit is 
independent of the approximating sequence. Hence any boundary prohle is good 
according to Dehnition 12.21 and thus the fuzzy KPM is Gibbs. 

Part (ii): First note that at any hnite n, the single-site conditional probabili¬ 
ties at one given site, depending on empirical color prohles away from the single 
site, are uniquely dehned combinatorial objects which are given in terms of the 
elementary formula for conditional probabilities. Hence there is no need and also 
no freedom to talk about diherent versions of the kernels at hnite n. 

We show that each bad conhguration for the mean-held fuzzy PM provides 
a bad conhguration for the fuzzy KPM when it is interpreted as the spatially 
homogeneous (hat) color prohle. In order to prove that a prohle z/ is a bad point, 
according to the Dehnition 12.21 it suffices to show that there exist two sequences 
and z/“ of conditionings in the fuzzy KPM which can be realized at some scale 

Hra CXO, which 

1 . are both converging to the same limit v as m ^ oo weakly, but 

2 . which have the property that the limits of the kernels 

from formula fll2p with the corresponding conditionings and z/“ exist and 
are diherent. 

We will construct those sequences now by a two-step procedure as spatial 
approximants of bad conhgurations in mean-held. 

Bad conhgurations a 6 P({1, • • •, s}) for the mean-held fuzzy PM are char¬ 
acterized by the fact that for some fuzzy class r^, /3a[fc] = (ddrk). Here (3c{rk) 
is the critical temperature parameter where the mean-held non-normalized rate 
function 

Ia\k]i^) ■=+ S{a\eq), d G P({1,..., r^}) (21) 

a=l 

of the Tfc-states PM shows a discontinuous (hrst-order) jump from uniqueness to 
non-uniqueness of the global minimizers (for details see [ 20 ]). 

Now, consider a such that the set T C {1,..., s} of indices for which (3a[k] = 
(3c{rk) is non-empty. Let i denote the lowest index in T and pick sequences of 
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length-s probability vectors and which are given by cx^[i] = a[i]±l/m and 
a^[Z] = a[Z] =F l/((s — l)m) for I ^ i where m tends to inhnity. This construction 
moves away all conditionings from the critical point. More precisely, for all fuzzy 
classes along the sequences indexed by m the corresponding mean-held model is 
either in the uniqueness regime, < (3c{rk), or in the low-temperature regime, 

for all A; G {1 ,..., s} and for all hnite sufficiently large m. 

The vectors have to be interpreted as limiting hat prohles in the fuzzy 
KPM or more precisely as limits of levelsets A„(a^[fc]) C \ \ nu\. For hnite 
n, in general, this can only be done approximately. For example we can color 
\ \nu\ periodically such that every color k appears with frequency oi^[k] if 
a^[/c] is rational. If a^[/c] is irrational another approximation by rational numbers 
can be employed. Having done this, we have as n tends to inhnity, 

X&Kn(oA [fc]) 

Now for all m, a“[z] is in the uniqueness region of the constrained model and 
hence, using the diluted LDP as in part (i) of this proof. 


converges to exp(2/3rj“^a“ [i]) as n tends to inhnity. This further converges to 
exp(2/9c(rj)r“^) =: as m tends to inhnity. On the other hand, for all m, 

is in the non-uniqueness region of the constrained model. Since the rate 
function (fT5|) of the diluted LDP is again given by the mean-held rate function 
m, the minimizer in the phase-transition regime is given by the Ellis-Wang 
Theorem, see for example [201 Theorem 5.3]. Consequently, fl22]) where 
replaced by converges to 


exp 


20\A„{am H' 


■( J * TT 


[^]) 


[ 1 ])( 


[nu\ ■ 


( 22 ) 



l)M(/3m>n) + 1)) + (n 


l)exp(^(l-!i(^„,ri)))) 


(23) 


where we abbreviated /3m ■= is given as the largest solution of 

the mean-held equation 


n = (1 - exp(-/3M))/(l -F (g - 1) exp(-/dM)), 

for more details see also m- For m tending to inhnity, using u{ri,/3c{ri)) = 
(rj — 2)(rj — 1)“^, fl23l) converges to 

j-(^exp{2/3c{ri)r~\ri - 1)) -h (n - 1) exp(2/3c(ri)r“^(ri - 1)”^)) =: 

Let us write (a^ n)nm for a hnite-volume sequence of boundary conditions con¬ 
verging to am- Further let (p{k) denote the limit of fl22|) where i is replaced by 
k G {1 ,... ,s}\T and note that this limit is independent of the choice of ±. From 
the previous it follows that there exists a subsequence of volume labels Um such 
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that for the sequence of prohles := Omn™ which can be realized at scale 
we have 


lim 7 “ 


mtoo 




^ = 


Tiif [ri) 


Efcenw rk‘f+{rk) + J2ke{i,...,s}\Tn(p{k) 


and 


lim 7 


mtcxD 




IWJ.. = 




Efcenw rk<f-{rk) + J2ke{i,...,s}\T^Mk)' 


Since r* > 3 by assumption it is easy to check that > ip (rj) and hence 


This concludes the proof. 


□ 
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